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Abstract
We consider superconducting states of a nano-sized two-band superconductor, where one of the bands is a hole band
and another is an electron band. We formulate the microscopic numerical method for two-band superconductors using
the Bogoliubov-de Gennes equation and the ﬁnite element method. We show the several vortex structures under an
external ﬁeld.
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1. Introduction
Recently, multiple band or multiple order parameter superconductors attract much attentions. This is because
after the discovery of superconductivity of MgB2 [1] where two types of superconducting order parameters or Cooper
pairing wave functions exist, there appeared several superconductors where multi-band or multi-order parameters
exist [2-3]. Especially, Moshchalkov ’s group proposed idea of type 1.5 superconductors for MgB2 [4] because two
superconducting order parameters in MgB2 have diﬀerent characters, i.e. one is type I like and another is type II like.
And the interaction between two vortices is not purely repulsive but there is a region of distance where interaction
becomes attractive. And they observed experimentally the phase separation of Abrikosov vortex lattice region and
Meissner region.
There has been another type of research about vortices in superconductors, which is the conﬁnement of vortices
in nano- or meso-scopic superconductors. It is found that in meso- or nano-scopic superconductors, the vortices do
not show the Abrikosov triangular lattice with singly quantized vortices, but diﬀerent strucures with giant or anti
vortices [5,6]. We also found that two vortices in nano-sized superconductors form a kind of vortex molecules with
bonding and anti-bonding quasi-particle core bound states [7]. In these studies, only single band isotropic s-wave
superconductors were investigated.
In this paper we consider nano-sized two-band superconductors with a hole band around the Γ point and an
electron band around the M point, as a model of the MgB2 superconductor. And we investigate the vortex structures
under an external magnetic ﬁeld.
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2. Model
We start from following a two-band Bogoliubov-de Gennes (BdG) equation,
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Here {uσ, vσ} and {uπ, vπ} are wave functions of quasi-particle in σ and π bands, respectively. EB is the band bottom
energy of the hole band (σ band) and K = (π/a, π/a) is the wave number of M point in the Brillouin zone, where a
is the lattice constant. Note that in Eqs. (1) and (2), the charge of the carrier is positive e. The order parameter is
determined by the following self-consistent equations;
Δσ = gσσ
∑
n
uσn(r)vσn(r)∗(1 − 2 f (Eσn)) + gσπ
∑
n
uπn(r)vπn(r)∗(1 − 2 f (Eπn)), (5)
Δπ = gππ
∑
n
uπn(r)vπn(r)∗(1 − 2 f (Eπn)) + gπσ
∑
n
uσn(r)vσn(r)∗(1 − 2 f (Eσn)). (6)
Here gσσ,gππ,gπσ and gσπ are interaction constants for intra σ and π bands and inter band electrons, respectively.
f (E) = (1 + exp(E/kBT ))−1 is the Fermi distribution function. The electromagnetic vector potential is determined by
the Maxwell equation,
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Here H0 is an external magnetic ﬁeld.
Electron number conservation must be taken into account, because of the ﬁniteness of the system.
Ne = −
∑
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[u∗σnuσn f (Eσn) + v
∗
σnvσn(1 − f (Eσn))] +
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[u∗πnuπn f (Eπn) + v
∗
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In order to solve these eigenvalue equations, we adopt the ﬁnite element method (FEM). In the FEM, supercon-
ductors are divided into small triangular ﬁnite element. The wave functions, order parameters and the vectors are
linearly approximated using the area coordinates as follows,
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Here the summation is taken over all of elements e and nodes i in the element and Nei (r) is i-th area coordinate in
the e-th element. Also ueσi,v
e
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i are the value of the wave functions for σ and π bands, the order
parameters for σ and π bands and vector potential at the i-th node in the e-th element. Then the BdG equations in the
FEM is given as,
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Here coeﬃcients P1eαi j ({A}),P2eαi j ({A}),Qe∗αi j({Δ}) and Iei j are deﬁned using the integrals of products of the area coordi-
nates. For example, Iei j is given as,
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Here integration is taken over are of e-th element. We solve these equations self-consistently and obtain the stable
vortex structures under a magnetic ﬁeld.
3. Numerical results
We consider a square plate, where length is 5ξ and we take kFξ = 3 and mσ = mπ. In Fig. 1, we show the order
parameter structure at T/Tc = 0.1 and zero external ﬁeld. Note that there are small oscillations appear because of the
conﬁnement of the Cooper pair electrons.
 
(a) (b) 
Fig. 1. Order parameter structures forσ band (a) andπ band (b) at T/Tc = 0.1.
Next we show the vortex states for external ﬁeld H = 9Φ0/ξ20 in Fig. 2. There are three vortices appears. The
order parameter ofσ band andπ band shows similar structures, but the order parameter ofπ band becomes small
rapidly. The vortex structure is disordered. We think that this state may be metastable state.
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(a) (b) 
Fig. 2. Order parameter structures at T/Tc = 0.1 and H = 9Φ0/ξ20 forσ band (a) andπ band (b).
In Fig. 3, we show the vortex states for external ﬁeld H = 12Φ0/ξ20. There are ﬁve vortices. They are also
disordered. Also the order parameter ofπ band becomes small rapidly.
 
(a) (b) 
Fig. 3. Order parameter structures at T/Tc = 0.1 and H = 12Φ0/ξ20 forσ band (a) andπ band (b).
4. Summary
We formulated a microscopic model of nano-sized square shaped two-band superconductor, using the BdG equa-
tion and the FEM. We applied it to a square shaped two band superconductor with size and obtained the vortex
structures under external ﬁeld, but they may be metastable states. We will seek for the most stable vortex structure
and also quasi-particle structures.
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